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This paper obtains the soliton solution for the Calogero–Degasperis and the potential
Kadomtsev–Petviashvili equations. The tanh–coth and the tan–cot methods are used to
retrieve the solutions. Finally, the ansatz method is also used to integrate these equations
with any arbitrary constant coefficients. Finally, a fewnumerical simulations are also given.
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1. Introduction
Nonlinear coupled partial differential equations are very important in a variety of scientific fields, especially in fluid
mechanics, solid state physics, plasma physics, plasma waves, capillary–gravity waves and chemical physics [1–10]. The
nonlinear wave phenomena observed in the above mentioned scientific fields, are often modeled by the bell-shaped sech
solutions and the kink-shaped tanh solutions. The availability of these exact solutions, for those nonlinear equations can
greatly facilitate the verification of numerical solvers on the stability analysis of the solution [1,6]. In this study, we consider
the Calogero–Degasperis (CD) and potential Kadomtsev–Petviashvili (pKP) equations [3,10].
The CD equation or breaking soliton equation
uxt − 4uxuxx − 2uyuxx + uxxxy = 0 (1)
is an important nonlinear wave equation. Eq. (1) was first established by Calogero and Degasperis [2] and is used to describe
the (2+ 1)-dimensional interaction of a Riemann wave propagating along the y-axis with a long wave along the x-axis. The
Hamiltonian structure, the Lax pair with non-isospectral problem and the Painleve property have been discussed. Solitary
waves are wave packets or pulses which propagate in nonlinear dispersive media. Due to dynamical balance between the
nonlinear and dispersive effects thesewaves retain a stablewaveform. A soliton is a very special type of solitarywave, which
also keeps its waveform after collision with other solitons.
We next consider the pKP equation [3]
uxt + 32uxuxx +
1
4
uxxxx + 34uyy = 0. (2)
New soliton-like solutions are obtained for (2+ 1)-dimensional pKP equation by using the symbolic computation method
developed by Gao and Tian [5]. The nonlinear KP(n, n) equations and its variants are analytically studied by using the tanh
method [7] and by using the sine–cosine method [8].
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This paper outlines the implementation of very efficient and reliable techniques which are called tanh–coth and
tan–cot methods for solving the Calogero–Degasperis (CD) and Potential Kadomtsev–Petviashvili (pKP) equations which
are very important in applied sciences. The hyperbolic tangent–cotangent (tanh–coth) method is a powerful technique to
symbolically compute traveling wave solutions of two-dimensional nonlinear wave and evolution equations. In particular,
the method is well suited for problems where dispersion, convection, and reaction diffusion phenomena play an important
role [7].
2. Outline of tanh–coth and tan–cot methods
In this section, we give a brief description of the tanh–coth method and the tan–cot method as follows:
For the given system of nonlinear evolution equations, say, in two variables:
P1(u, v, ux, vx, uy, vy, ut , vt , uxx, vxx, uyy, vyy, . . .) = 0
P2(u, v, ux, vx, uy, vy, ut , vt , uxx, vxx, uyy, vyy, . . .) = 0 (3)
where P1, P2 are polynomials of the variable u, v and its derivatives. If we consider u(x, y, t) = u(ξ), v(x, y, t) = v(ξ),
ξ = (kx+ λy− βt), so that u(x, y, t) = U(ξ) and v(x, y, t) = V (ξ), we can use the following changes:
∂
∂t
= −βλ d
dξ
,
∂
∂x
= k d
dξ
,
∂
∂y
= λ d
dξ
,
∂2
∂x2
= k2 d
2
dξ 2
,
∂2
∂y2
= λ2 d
2
dξ 2
,
and so on, then Eq. (3) becomes an ordinary differential equation
Q1(U,U ′,U ′′,U ′′′, . . .) = 0
Q2(U,U ′,U ′′,U ′′′, . . .) = 0 (4)
with Q1,Q2 being another polynomials form of there argument, which will be called the reduced ordinary differential
equations of Eq. (4). Integrating Eq. (4) as long as all terms contain derivatives, the integration constants are considered
to be zeros in view of the localized solutions. However, the nonzero constants can be used and handled as well [7]. Now
finding the traveling wave solutions to Eq. (3) is equivalent to obtaining the solution to the reduced ordinary differential
equation (4).
For the tanh–Coth method, we introduce the new independent variable
Y (x, y, t) = tanh(ξ) (5)
that leads to the change of variables:
d
dξ
= (1− Y 2) d
dY
d2
dξ 2
= −2Y (1− Y 2) d
dY
+ (1− Y 2)2 d
2
dY 2
d3
dξ 3
= 2(1− Y 2)(3Y 2 − 1) d
dY
− 6Y (1− Y 2)2 d
2
dY 2
+ (1− Y 2)3 d
3
dY 3
.
(6)
While for the tan–cot method we consider nonlinear equation of form:
Y (x, y, t) = tan(ξ)
that leads to the change of variables:
d
dξ
= (1+ Y 2) d
dY
d2
dξ 2
= 2Y (1+ Y 2) d
dY
+ (1+ Y 2)2 d
2
dY 2
d3
dξ 3
= 2(1+ Y 2)(3Y 2 + 1) d
dY
+ 6Y (1+ Y 2)2 d
2
dY 2
+ (1+ Y 2)3 d
3
dY 3
.
(7)
The next crucial step for both methods is that the solution we are looking for is expressed in the form
u(x, y, t) = U(ξ) =
m−
i=0
aiY i, v(x, y, t) = V (ξ) =
n−
i=0
biY i (8)
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where the parameters m, and n can be found by balancing the highest-order linear term with the nonlinear terms in
Eq. (4), and k, λ, β, a0, a1, . . . , am, b0, b1, . . . , bn are to be determined. Substituting Eq. (8) into Eq. (4) will yield a set
of algebraic equations for k, λ, β, a0, a1, . . . , am, b0, b1, . . . , bn because all coefficients of Y i have to vanish. From these
relations, k, λ, β, a0, a1, . . . , am, b0, b1, . . . , bn can be obtained. Having determined these parameters, knowing thatm, n, s
are positive integers in most cases, and using Eq. (8) we obtain analytic solutions u(x, y, t), v(x, y, t) in a closed form [9].
In order to construct more general, it is reasonable to introduce the following ansatz [9]:
u(x, y, t) = U(ξ) =
m−
i=0
aiY i +
m−
i=1
ciY−i
v(x, y, t) = V (ξ) =
n−
i=0
biY i +
n−
i=1
diY−i.
(9)
These methods seem to be powerful tool in dealing with coupled nonlinear physical models.
3. Applications
This section will demonstrate the proposed methods on the CD and the pKP equations.
3.1. CD equation
We can obtain new solutions of CD Eq. (1). The detailed procedure is as follows:
We use the tanh–coth method with the traveling wave transformations:
u(x, y, t) = U(ξ) =
m−
i=0
aiY i +
m−
i=1
biY−i (10)
where
Y = tanh(ξ) (11)
and
ξ = kx+ λy− βt. (12)
The nonlinear partial differential equation CD Eq. (1) is carried to an ordinary differential equation
− kβU ′′ − 4k2λU ′U ′′ − 2k2U ′U ′′ + k3λU ′′′′ = 0. (13)
Integrating Eq. (13) once and choosing the constants of integration to be zero, we find
− βU ′ − 3kλ(U ′)2 + k2λU ′′′ = 0 (14)
we postulate the following tanh series in Eq. (10), and the transformation given in (11) and (12) Eq. (14) reduces to
− β(1− Y 2)dU
dY
− 3kλ(1− Y 2)2

dU
dY
2
+ k2λ
[
2(1− Y 2)(3Y 2 − 1)dU
dY
− 6Y (1− Y 2)2 d
2U
dY 2
+ (1− Y 2)3 d
3U
dY 3
]
= 0. (15)
Now, to determine the parameters m we balance the linear term of highest-order with the highest order nonlinear terms.
So, in Eq. (15), we balance U ′′′ with (U ′)2, to obtain 6+m− 3 = 2m+ 2 and thenm = 1.
The extended tanh method admits the use of the finite expansion:
u(x, t) = U(Y ) = a0 + a1Y + b1Y−1 (16)
Substituting U ′,U ′′,U ′′′ in Eq. (15), then equating the coefficient of Y i, i = 0, 2,−2,−4 leads to the following nonlinear
system of algebraic equations:
Y 0 : − βa1 − 3kλa21 − 6kλa1b1 − 2k2λa1 = 0
Y 2 : 3kλa21 + 6k2λa1 = 0
Y−2 : βb1 + 6kλa1b1 + 3kλb21 + 2k2λb1 = 0
Y−4 : − 3kλb21 − 6k2λb1 = 0.
(17)
Solving the nonlinear systems of Eq. (17) we can get
a1 = −2k, b1 = −2k, β = 16k2λ.
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Fig. 1. Tanh–coth wave profile of the CD equation.
Fig. 2. Tan–cot wave profile of the CD equation.
Then we have
u(x, y, t) = a0 − 2k[tanh(kx+ λy− 16k2λt)+ coth(kx+ λy− 16k2λt)]. (18)
The solitary wave and behavior of the solution u(x, y, t) is shown on Fig. 1 for some fixed values of the parameters
(λ = 1, k = 1a0 = 1) where:
u(x, y, t) = 1− 2[tanh(x+ y− 16t)+ coth(x+ y− 16t)].
When we postulate the tan–cot method for solving the CD equation and repeat the same steps we get
a1 = 2k, b1 = −2k, β = −16k2λ.
Then we have
u(x, y, t) = a0 + 2k[tan(kx+ λy+ 16k2λt)− cot(kx+ λy+ 16k2λt)]. (19)
The solitary wave and behavior of the solution u(x, y, t), is shown on Fig. 2 for some fixed values of the parameters
(λ = 1, k = 1, a0 = 1) where:
u(x, y, t) = 1+ 2[tan(x+ y+ 16t)− cot(x+ y+ 16t)].
3.2. pKP equation
New solution of pKP equation (2) can be obtained by the tanh–coth method. The detailed procedure is as follows:
We use the traveling wave transformations:
u(x, y, t) = U(ξ) =
m−
i=0
aiY i +
m−
i=1
biY−i (20)
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where
Y = tanh(ξ) (21)
and
ξ = kx+ λy− βt. (22)
The nonlinear partial differential equation pKP equation (2) is carried to an ordinary differential equation
3
4
λ2 − kβ

U ′′ + 3
2
k3U ′U ′′ + 1
4
k4λU ′′′′ = 0. (23)
Integrating Eq. (23) once and choosing the constants of integration to be zero, we find
3
4
λ2 − kβ

U ′ + 3
4
k3(U ′)2 + 1
4
k4U ′′′ = 0 (24)
we postulate the following series in Eq. (24), and the transformations given in (20) and (21) Eq. (24) reduces to
3
4
λ2 − kβ

(1− Y 2)dU
dY
+ 3
4
k3(1− Y 2)2

dU
dY
2
+ 1
4
k4

2(1− Y 2)(3Y 2 − 1)dU
dY
− 6Y (1− Y 2)2 d
2U
dY 2
+ (1− Y 2)3 d
3U
dY 3

= 0. (25)
Now, to determine the parameters m we balance the linear term of highest-order with the highest order nonlinear terms.
So, in Eq. (25) we balance U ′′′ with (U ′)2, to obtain 6+m− 3 = 2m+ 2 which impliesm = 1.
The extended tanh method admits the use of the finite expansion:
u(x, t) = U(Y ) = a0 + a1Y + b1Y−1. (26)
Substituting U ′,U ′′,U ′′′ in Eq. (25), then equating the coefficient of Y i, i = 0, 2,−2,−4 leads to the following nonlinear
system of algebraic equations:
Y 0 :

3
4
λ2 − kβ

a1 + 34k
2a2
1
+ 3
2
k2a1b1 − 12k
4a1 = 0
Y 2 : − 3
4
k2a2
1
+ 3
2
k4a1 = 0
Y−2 : −

3
4
λ2 − kβ

b1 − 32k
2a1b1 − 34k
2b21 +
1
2
k4b1 = 0
Y−4 : 3
4
k2b2
1
− 3
2
k4b1 = 0.
(27)
Solving the nonlinear systems of Eq. (27) we can get:
a1 = b1 = 2k2, β = 4k3 + 3λ
2
4k
and hence
u(x, y, t) = a0 + 2k2
[
tanh

kx+ λy−

4k3 + 3λ
2
4k

t

+ coth

kx+ λy−

4k3 + 3λ
2
4k

t
]
. (28)
The solitary wave and behavior of the solution u(x, y, t), is shown on Fig. 3 for some fixed values of the parameters
(λ = 1, k = 1, a0 = 1) such that
u(x, y, t) = 1− 2
[
tanh

x+ y− 19
4
t

+ coth

x+ y− 19
4
t
]
.
Solving pKP equation (2) by the tan–cot method we can get:
a1 = −2k2, b1 = 2k2, β = 4k3 + 3λ
2
4k
.
Then:
u(x, y, t) = a0 − 2k2
[
tan

kx+ λy−

4k3 + 3λ
2
4k

− cot

kx+ λy−

4k3 + 3λ
2
4k
]
. (29)
The solitary wave and behavior of the solution u(x, y, t), is shown on Fig. 4 for some fixed values of the parameters
(λ = 1, k = 1, a0 = 1) such that
u(x, y, t) = 1− 2
[
tan

x+ y− 19
4
t

− cot

x+ y− 19
4
t
]
.
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Fig. 3. Tanh–coth wave profile of the pKP equation.
Fig. 4. Tan–cot wave profile of the pKP equation.
4. Ansatz method
In this section, the ansatz method [2] will be used to carry out the integration of the CD and pKP equations. The search is
going to be for a topological 1-soliton solution which is also known as a kink solution or a shock wave solution. This will be
demonstrated in the following two subsections. For both equations, arbitrary constant coefficients will be considered.
4.1. CD equation
The CD equation with arbitrary constant coefficients that will be studied in this sub-section is given by
qxt + (aqx + bqy)qxx + cqxxxy = 0. (30)
In order to start off with the solution hypothesis, the following ansatz is assumed
q(x, y, t) = A tanhp(B1x+ B2y− vt) (31)
where in (31), the parameters A, B1 and B2 are free parameters and v is the velocity of the soliton. For convenience the
following notation is used
τ = B1x+ B2y− vt (32)
so that from (31) it is possible to obtain
qx = pAB1(tanhp−1 τ − tanhp+1 τ) (33)
qy = pAB2(tanhp−1 τ − tanhp+1 τ) (34)
qtx = −pvAB1{(p− 1) tanhp−2 τ − 2p tanhp τ + (p+ 1) tanhp+2 τ } (35)
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qxx = pAB21{(p− 1) tanhp−2 τ − 2p tanhp τ + (p+ 1) tanhp+2 τ } (36)
qxxxy = pAB31B2{(p− 1)(p− 2)(p− 3) tanhp−4 τ − 4(p− 1)(p2 − 2p+ 2) tanhp−2 τ + 2p(3p2 + 5) tanhp τ
− 4(p+ 1)(p2 + 2p+ 2) tanhp+2 τ + (p+ 1)(p+ 2)(p+ 3) tanhp+4 τ }. (37)
Now, substituting (33)–(37) into (30) yields
− pvAB1{(p− 1) tanhp−2 τ − 2p tanhp τ + (p+ 1) tanhp+2 τ } + p2A2B21(aB1 + bB2)
×{(p− 1) tanh2p−3 τ − tanh3p−1 τ + (3p+ 1) tanh2p+1 τ − (p+ 1) tanh2p+3 τ } + cpAB31B2
×{(p− 1)(p− 2)(p− 3) tanhp−4 τ − 4(p− 1)(p2 − 2p+ 2) tanhp−2 τ + 2p(3p2 + 5) tanhp τ
− 4(p+ 1)(p2 + 2p+ 2) tanhp+2 τ + (p+ 1)(p+ 2)(p+ 3) tanhp+4 τ } = 0. (38)
From (38), equating the exponents 2p+ 3 and p+ 4 gives
2p+ 3 = p+ 4 (39)
which implies
p = 1. (40)
It needs to be noted that the same value of p is obtainedwhen the exponent pairs 2p+1 and p+2; 2p−1 and p or 2p−3 and
p−2; are equated to each other. Thus (38) has the linearly independent functions tanhj τ for j = p−4, p−2, p, p+2, p+4.
Also, (38) has a stand-alone linearly independent function, namely tanhp−4 τ . Therefore setting its coefficient to zero also
yields the same value of p as in (40). Thus, setting the coefficients of the remaining linearly independent functions to zero
reveals
v = B1(aAB1 + bAB2 − 8cB1B2) (41)
v = 2B1(aAB1 + bAB2 − 10cB1B2) (42)
and
A = 12B1B2c
aB1 + bB2 . (43)
It needs to be noted that by equating the two values of the velocity v from (41) and (42) also implies (43).
Hence, the topological 1-soliton solution of initial Eq. (30) is given by
q(x, y, t) = A tanh(B1x+ B2y− vt) (44)
such that the relation between the soliton free parameters is given by (43) while the velocity v is given by (41) or (42). Now,
(43) implies that it is necessary to have
aB1 + bB2 ≠ 0 (45)
for the existence of a topological soliton.
4.2. pKP equation
The pKP equation with arbitrary constant coefficients that will be studies in this sub-section is given by
qxt + aqxqxx + bqxxxx + cqyy = 0. (46)
For the pKP equation given by (46), the starting solution hypothesis will stay the same as in (31). In this case, from (31),
qyy = pAB22{(p− 1) tanhp−2 τ − 2p tanhp τ + (p+ 1) tanhp+2 τ } (47)
qxxxx = pAB41{(p− 1)(p− 2)(p− 3) tanhp−4 τ − 4(p− 1)(p2 − 2p+ 2) tanhp−2 τ + 2p(3p2 + 5) tanhp τ
− 4(p+ 1)(p2 + 2p+ 2) tanhp+2 τ + (p+ 1)(p+ 2)(p+ 3) tanhp+4 τ }. (48)
Substituting (33), (35), (36), (47) and (48) into (46) gives
− pvAB1{(p− 1) tanhp−2 τ − 2p tanhp τ + (p+ 1) tanhp+2 τ } + ap2A2B31{(p− 1) tanh2p−3 τ − tanh3p−1 τ
+ (3p+ 1) tanh2p+1 τ − (p+ 1) tanh2p+3 τ } + bpAB41{(p− 1)(p− 2)(p− 3) tanhp−4 τ
− 4(p− 1)(p2 − 2p+ 2) tanhp−2 τ + 2p(3p2 + 5) tanhp τ − 4(p+ 1)(p2 + 2p+ 2) tanhp+2 τ
+ (p+ 1)(p+ 2)(p+ 3) tanhp+4 τ } + cpAB22{(p− 1) tanhp−2 τ − 2p tanhp τ + (p+ 1) tanhp+2 τ } = 0. (49)
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From (49), in a similar fashion as in the case of CD equation in the previous subsection, the same value of p as in (40) is
obtained. Again, proceeding similarly as in the case of CD equation, it is possible to obtain
v = aAB
3
1 − 8bB41 + cB22
B1
(50)
v = 2aAB
3
1 − 20bB41 + cB22
B1
(51)
and
A = 12b
a
B1. (52)
This relation poses a restriction
a ≠ 0. (53)
It needs to be noted that the relation between the free parameters, given by (52), is also obtained by equating the two values
of the velocity v of the soliton from (50) and (51). Thus, this set of parameters, for the pKP equation is closed. Hence, finally,
the topological 1-soliton solution to (46) is also given by (44) where in this case the velocity of the soliton is given by (50)
or (51) and the free parameters are connected as in (52) while the condition, given by (53), must hold.
5. Conclusions
The tanh–coth and tan–cot methods were employed for analytic treatment of nonlinear partial differential equations.
Solutions of two examples, CD and pKP equations by the proposedMethods demonstrate the effectiveness and convenience
in solving Nonlinear PDEs compared with other methods. Additionally, the ansatz method was also used to solve these
two equation to retrieve shock waves or topological soliton solution of these two equations. The domain restriction were
also identified in the process. In future, these equations will be further analyzed in presence of perturbation terms, both
deterministic and stochastic.
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